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On the BMV conjecture for 2 X 2 matrices 
and the exponential convexity 
of the function cosh(\/ at 2 + b ) 

Victor Katsnelson 


Abstract. The BMV conjecture states that for nxn Hermitian matrices 
A and B the function /A,s(t) = trace e tA+B is exponentially convex. 
Recently the BMV conjecture was proved by Herbert Stahl. The proof of 
Herbert Stahl is based on ingenious considerations related to Riemann 
surfaces of algebraic functions. In the present paper we give a purely 
"matrix" proof of the BMV conjecture for 2x2 matrices. This proof is 
based on the Lie product formula for the exponential of the sum of two 
matrices. The proof also uses the commutation relations for the Pauli 
matrices and does not use anything else. 
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1. Herbert Stahl’s Theorem. 

In the paper |BMV| a conjecture was formulated which now is commonly 
known as the BMV conjecture: 

The BMV Conjecture. Let A and B be Hermitian matrices of size nxn. 
Then the function 

= trace {exp[fA + B ]} (1.1) 

of the variable t is representable as a bilateral Laplace transform of a non¬ 
negative measure d(TA,s(A) compactly supported on the real axis: 

fA,B{t)= / exp(iA) d(JA,B(A), VfG (— 00 , 00 ). 


AE(—00,00) 


( 1 . 2 ) 
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Definition 1.1. Let A, B be a pair of square matrices of the same size n x n. 
The function /a,B it) of the variable t £ 1 defined by (11.111 is said to be the 
trace-exponential function generated by the pair A, B. 


Let us note that the function /a, Bit), considered for t £ C, is an entire func¬ 
tion of exponential type. The indicator diagram of the function Ja,b is the 
closed interval [A m ; n , A max ] , where A m i n and A max are the least and the great¬ 
est eigenvalues of the matrix A respectively. Thus if the function /a,b(£) is 
representable in the form Cd with a non-negative measure d<JA,s( A), then 
d<JA,Bi A) is actually supported on the interval [A m ; n , A max ] and the represen¬ 
tation 



(1.3) 


holds for every t £ C. 

The representability of the function /A,s(t), (11.11) . in the form (11.31) with 
a non-negative daA,B is evident if the matrices A and B commute. In this 
case dcr(A) is an atomic measure supported on the spectrum of the matrix 
A. In general case, if the matrices A and B do not commute, the BMV con¬ 
jecture remained an open question for longer than 35 years. In 2011, Herbert 
Stahl gave an affirmative answer to the BMV conjecture. 

Theorem (H.Stahl) Let A and B be nx n hermitian matrices. Then the func¬ 
tion f a.b it) defined by (11.11) is representable as the bilateral Laplace transform 
m of a non-negative measure dcFA.Bi A) supported on the closed interval 



The first arXiv version of H.Stahl’s Theorem appeared in [STj . the latest 
arXiv version - in |S2] , the journal publication - in [S3] . The proof of Herbert 
Stahl is based on ingenious considerations related to Riemann surfaces of 
algebraic functions. In [Elj, [E2] a simplified version of the Herbert Stahl 
proof is presented. 

In the present paper we focus on the BMV conjecture for 2x2 matrices. 
In this special case the BMV conjecture was proved in [MK[ section 2] using a 
perturbation series. We give a purely "matrix" proof of the BMV conjecture 
for 2x2 matrices. 

2. Exponentially convex functions. 

Definition 2.1. A function / on 1, / : M -A [0, oo), is said to be exponentially 
convex if 

1. For every nonnegative integer N , for every choice of real numbers t\, 
t 2 , ■■■, tjsi , and complex numbers £i, £ 2 , ■ • ■ , £at, the inequality holds 


N 


Y Mr + ta)€rt, > 0 ; 


(2.1) 
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2. The function / is continuous on R. 


The class of exponentially convex functions was introduced by S.N.Bernstein, 
[Berl j. see §15 there. 

From (12.11) it follows that the inequality /(ti + £ 2 ) < \//(2fi)/(2f 2 ) 
holds for every t\ £ R, f 2 S R. Thus the alternative takes place: 

If f is an exponentially convex function, then either f(t) = 0, or f(t) > 0 for 
every t £ R. 

Properties of the class of exponentially convex functions. 

P 1. If /(f) is an exponentially convex function and c > 0 is a nonnegative 
constant, then the function c/(f) is exponentially convex. 

P2. If /i(t) and / 2 (f) are exponentially convex functions, then their sum 
/i(t) + / 2 (t) is exponentially convex. 

P 3. If fi(t) and / 2 (t) are exponentially convex functions, then their product 
/i(t) • / 2 (t) is exponentially convex. 

P4. If f{t) is an exponentially convex function and a , b are real numbers, 
then the function f{at + b ) is exponentially convex. 

P5. Let {/n(f)}i<n<oo be a sequence of exponentially convex functions. We 
assume that for each t £ R there exists the limit /(f) = lim-n^oo / n (f), 
and that /(f) < 00 Vt £ R. Then the limiting function /(f) is exponen¬ 
tially convex. 

From the functional equation for the exponential function it follows that 
for each real number /x, for every choice of real numbers fi, f 2 , ..., fjv and 
complex numbers £ 1 , / 2 , ... ,£tv, the equality holds 

N N—l 2 


E 


e (tr+t.)Mf r f a = 


E 




> 0 . 


( 2 . 2 ) 


r,s=l 


p —0 


The relation (12.21) can be formulated as 


Lemma 2.2. For each real number /x, the function e tfl of the variable t is 
exponentially convex. 


For z £ C, the function cosh z, which is called the hyperbolic cosine of 
z, is defined as 

cosh z — -(e z +e~ z ). (2.3) 

From Lemma l2.2l and property P2 we obtain 

Lemma 2.3. For each real /x, the function cosh(f /x) of the variable t is expo¬ 
nentially convex. 


The following result is well known. 
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Theorem 2.4 (The representation theorem). 

1. Let a(dp) be a nonnegative measure on the real axis, and let the function 
f(t ) be defined as the two-sided Laplace transform of the measure a(dp): 



(2.4) 




where the integral in the right hand side of (12.411 is finite for any t 6 R. 
Then the function f is exponentially convex. 

2. Let f(t) be an exponentially convex function. Then this function f can be 
represented onR as a two-sided Laplace transform (E3J of a nonnegative 
measure a (dp). (In particular, the integral in the right hand side of (12.411 
is finite for any t £ R.) The representing measure a(dp) is unique. 

The assertion 1 of the representation theorem is an evident consequence 
of Lemma 12.21 of the properties PI, P2, P5, and of the definition of the 
integration operation. 

The proof of the assertion 2 can be found in m , Theorem 5.5.4, and in 
[Widj . Theorem 21. 

Of course, Lemma 12.31 is a special case of the representation theorem 
which corresponds to the representing measure 


cr(dis) = 1/2 (5(v — p) + 5(is + p)) dv, 


where 5(v =p p) are Dirak’s ^-functions supported at the points ±p. 

Thus the Herbert Stahl theorem can be reformulated as follows: 

Let A and B be Hermitian nxn matrices. Let the function fA,B(t ) is defined 
by tED fort £ (— 00 , 00 ). Then the function f a, B(t), considered as a function 
of the variable t, is exponentially convex. 

3. Reduction the BMV conjecture for general 2x2 Hermitian 
matrices A and B to the case of special A and B. 

Lemma 3.1. Let A and B be an arbitrary pair of 2x2 Hermitian matrices. 
Then there exists a pair Aq, Bq of Hermitian 2x2 matrices possessing the 
properties: 

1. The conditions 


a). traceHo = 0, b). trace_B 0 = 0, c). trace A 0 B 0 = 0. (3.1) 


are satisfied. 

2. The trace-exponential functions f a,b and fA 0 ,B 0 generated by these pairs 
are related by the equality 


fA,B(t ) = ce tx f Ao ,B 0 (t + t 0 ), 


(3.2) 


where A and to are some real numbers, c is a positive number. 
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Remark 3.2. From Lemma IQ it follows that in order to prove the BMV 
conjecture for arbitrary pair A, B of Hermitian 2x2 matrices, it is sufficient 
to prove this conjecture only for pairs Ho, Ho satisfying the conditions (ED- 

Proof of Lemma Let A and B be Hermitian matrices of size 2x2 and I 
be the identity matrix of size 2x2. Let us define 


. . trace H 

A ° = A 2 1 

(3.3) 

Without loss of generality we can assume that 


H 0 ^ 0. 

(3.4) 

Otherwise 


... . traceH B 

JA,B[t) = ce , where A=—--, c = trace e >0, 

and (13.211 holds with Ho = 0, Bq = 0. Since the matrix Ho is 
(13.411 it follows that Aq > 0, H§ ^ 0. Thus 

Hermitian, from 

trace Hq > 0. 

(3.5) 

Let us define 


trace AqB 
trace Hg 

(3.6) 

b 0 -b 

(3.7) 


Since trace 1 = 2 and trace X depends on 2 x 2 matrix X linearly, the condi¬ 
tions trace Ho = 0, trace Bq = 0 are fulfilled. According to (13.61) . the condition 
trace HoHo = 0 is fulfilled as well. Since 

. . . T „ _ T . , , trace A trace B 

A = H 0 + XI, B = Bq + fj,I + t 0 A 0 , where A = —-—, p =---, 

the linear matrix pencils tAt and tHo + Bq are related by the equality 

tAt + B = (tX + fi)I + ((t + t 0 )A 0 + H 0 ). 

Therefore e tA+B = e tA +M e (t+to)A 0 +b 0 ^ j s e q ua lity (13.21) holds with 

c = e* 1 . □ 

Lemma 3.3. Let Ho, Bq be Hermitian matrices of size 2x2 satisfying the 
condition (13.11) . Aq ^ 0. Then there exists an unitary matrix U which reduces 
the matrices Ho, Bq to the form 

UAqU* = a(T , UBqU* = /3T, (3.8) 

where a > 0, /? > 0 are numbers and (7, T are the Pauli matrices: 


1 0 
0 -1 


T = 


0 1 
1 0 


G = 


(3.9) 
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Proof. Let U be an unitary matrix which reduces the Hermitian matrix Ao 
to the diagonal form: UA 0 U* = ['q 1 ° 2 ]- Since trace A 0 = 0, the equality 
Ai = — A 2 holds. Since Aq 7 ^ 0, also Ai, A 2 7 ^ 0. Thus for some unitary matrix 
U, the first of the equalities (13.81) holds with some number a > 0. We fix this 
matrix U and define the matrix ^ ] = UBqU*. Since trace So = 0 and 
the matrix trace of is an unitary invariant, the equality bn + 622 = 0 holds. 
Since UA 0 B 0 U* = UA 0 U* ■ UB 0 U * = [g _?„]•[& £] = _ Q Q 6 £ a ] and 

trace H 0 .Bo = 0, also trace _“^ 22 ] = 0, that is a(bu — ^ 22 ) = 0. Since 
a / 0, 6 n — 622 = 0. Finally, bn = 622 = 0. Since the matrix [£“ ^ ] is 
Hermitian, its entries bn and 621 are conjugate complex numbers: 612 = 621 - 
The additional unitary equivalency transformation X —7 1 

does not change the matrix (7, but allows to reduce the matrix 
the form (3T. 


X 0 
0 frl2 
&12 0 


to 

□ 


Lemma 3.4. Let A$ and Bq be 2x2 Hermitian matrices satisfying the condi¬ 
tions (BUD (EH), and U be the unitary matrix which reduces the pair Aq, Bq 
to the pair a(T, /3T according to EU), (El). Then the trace-exponential func¬ 
tions generated by the pairs Ho, Bq and a<J, jdT coincide: 

fA 0 ,B 0 (t) = facr,pT(t)- (3.10) 

Proof. 

fA 0 ,B 0 (t) = trace e tAo+B ° = trace Ue tAo+B °U* = 

= e U(tA 0 +B 0 )U* = e to.a+PT = f aaj 3 T (t). 

□ 


Remark 3.5. From Lemmas 13.1113.31 and 13.41 it follows that in order to prove 
the BMV conjecture for arbitrary pair A. B of Hermitian 2x2 matrices, it 
is enough to prove this conjecture for any pair of the form A = at T, B = /3T 
with a > 0, /3 > 0. 


4. The formulation of the main Theorem 

Theorem 4.1 (The main theorem). Let a A3 be arbitrary non-negative numbers 
and <7 , T be the Pauli matrices defined by (EH- 

Then the trace-exponential function f a o,pr{t) generated by the pair of 
matrices a(J,(3T is exponentially convex. 

The trace-exponential function f a o,pr{t) can be easily found explicitly: 

faa,Pr(t) = 2 COSh y/ a 2 t 2 + /3 2 , (4.1) 

where cosh f is the hyperbolic cosine function. However the exponential con¬ 
vexity of the function cosh \Ja 2 t 2 + /3 2 is not evident. 

There are different ways to prove the exponential convexity of the func¬ 
tion /acr,/ 3 r(t). One can forget the "matrix" origin of the function f a o,pT(t) 
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and work with its analytic expression cosh yja 2 t 2 + ft 2 only. The function 
cosh a/ a 2 t 2 + /3 2 can be presented as a bilateral Laplace transform of some 
measure. The density of this measure can be expressed in terms of the modi¬ 
fied Bessel function I\. From this expression it is evident that the representing 
measure is non-negative. However the calculation of the representing measure 
is not so transparent. 

In the present paper we give a purely "matrix" proof of the BMV conjec¬ 
ture for 2 x 2 matrices. This proof is based on the Lie product formula for the 
exponential of the sum of two matrices. The proof also uses the commutation 
relations for the Pauli matrices and does not use anything else. 


5. The proof of Theorem 14.11 

Since the trace-exponential function / a cr, ( 9r(^) depends only on /3 2 , the equal¬ 
ity 

faa,/3r(t) = faa,-0r{t) 
holds for any numbers a, /3. Therefore, 

faa,/ 3 r(t) = trace£(t;a,/3), (5.1) 

where £(t;a,/3) is the 2x2 matrix-function: 


£(t;a,/3) = i[e to(7+ ^ 


-/3rj _ 


(5.2) 


Lemma 5.1 (A version of the Lie product formula). Let X and Y be square 
matrices of the same size, say n x n. Then 


0 X+Y 


— lim ( e w (I + 

N—too V v 


N 


(5.3) 


Proof. Proof of the equality (15.311 can be modified from the proof which is 
presented in [Hal Theorem 2.10]. □ 


Proof of Theorem o We apply the equality (15.31) in the cases X = ta(J 
and Y is one in two matrices Y = j3T , Y = —f3T. 

The equality 

T 2 = I (5.4) 

and the commutation relation 


T(TT = -O (5.5) 

play crucial role in the proof of Theorem 14.11 

For every number A, the matrix exponential e Xa is a diagonal 2x2 
matrix: 


e Xa = 


0 


0 

A 


(5.6) 


From dm and m the commutation relation for the matrix exponentials 
e Xa , follows: 


Te Xa T = e~ Xa , 


VA G E. 


(5.7) 
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According to (15.21) and Lemma [All 

E(t;a,j3)= lim £jv(i; a,/3), 

JV—>oo 


where 


£a r (t;a,/3) 


£^(t;a,/3) + £ N (t;a,/3) 


(5.8) 

(5.9) 


£^(t;a,/3) = (e*"' 7 (/+^)) , £ N (t-, a, 0) = (e. ta * (/ - ) .(5.10) 

From (]5. 101) it follows that 


£+(t;a,/3) = ^ e^M+ e^M+ ... e^M+ N , (5.11a) 

£l,£2 £N 

£„(t;a,P)= Y e^M-e^M- ... e^M^, (5.11b) 

£l,£2 ••• ^iV 

where each of £j , j = 1, 2, ... TV, takes value either 0, or 1, and the factors 
are: 

M+ = /, M 0 " = /, M+ = Mf = (5.12) 

The sums in (15.111) runs over all possible combinations £j, £2 ... £n with 
either £j = 0 or Ej = 1. (There are 2 N such combinations.) Grouping terms, 
we present the sums (15.111) as iterated sums, where index summation m in 
the external sum runs over the set 0,1, 2, ... ,N. Each term in the internal 
sum is a productQ which contains N factors of the form e ta ^ a and to factors 
of the form These factors in general do not commute. So the generic 

term of the internal sum is the "word" W = F\ ■ F 2 . Fk .FV+m, 

consisting of two letters only: either Fk = e ta 7? a or Fk = ±^-. In the word 
W, the letters Fk = ±^- occupy to, 0 < m < N, positions enumerated 

by k = pi , k = P 2 , ,k = p m . Since each two neighbouring letters of the 

form must be separated by at least one letter of the form the 

subscripts Pj, 1 < j < m enumerating positions of letters of the form ±£ 
must satisfy the conditions 

1 < Pi, Pi + 1 < P2, P 2 + 1 < P3, ■ ■ ■ ,Pm-1 + 1 < Pm, Pm < N + TO. (5.13) 

The letters Fk = e ta ~h a occupy the remaining N position. 

Thus 

£+(t;a,/3)= ^ Y **£,»,...,*»)> ( 5 - 14a ) 

0 <m<N pi 1P21 ••• Pm 

£~ N {t-aj8) = Y (j^T 51 W m,P2,...,p m )’ ( 5 - 14b ) 

0<m<N Pl , P 2 , ■ ■ ■ Pm 


1 We omit the "trivial" factors = I, M Q = I. 
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where 


W+ = ■ e to ‘ n N la ■ T ■ e ta 

VV Pl,P2, ••• ,Pm r C C 


P2 —Pi ~ 1 , 


P4 ~ P3 ~ 1 /• 


T ■ 


Wl 


Pl,P2, ■■■ ,Pm 

f P4-P3- 1 

• e N 


= (-^) m • e t “ i V Lo ' • T • e‘‘ 


T • 


• e 


• T 

*„P3-P2-1„ 

• e N u ■ T ■ 


• T • 


(5.15a) 

-V 

, tn P3 ~ P2 ~ 1 IT 

• T- 


■ T • e z N ° 

• T • 


(5.15b) 


and the inner sums in (15.141) runs over all sets of m integers pi,p 2 , • ■ ■ 
satisfying the conditions (15.131) . There are (^) = such sets of m 

integers. 

By definition, the terms of the sums (15.141) corresponding to m = 0 are 
equal to e taa . 

In the expressions (15.141) . we should consider differently terms even m 
and with odd m. 

If m is odd, then in the expressions (15.151) for the words W + P2 Pm 
and W~ l P2 ___ Pm , the factors /3 m and (— f3) m are of opposed signs. All other 
factors in these expressions coincide term by term. Therefore 


Wp 1J>2 . Pm + Wp liMi ... :Pm = 0 for each odd to, for each 

set of subscripts P\,P 2 , ■ ■ ■ ,Pm satisfying the conditions (15.131) . (5.16) 

If m is even, then the factors (3 m and (— /3) m in the expressions (15.151) for 
the words W+ ri „ _ and W~ „ coincide. All other factors in these 
expressions coincide term by term as well. Therefore 


W P1 ,P2, ... , Pm = W P1 ,P2, ... ,Pm f ° r eaCh eVei1 m > f ° r eaCh 

set of subscripts pi,P 2 , ■ ■ ■ ,Pm satisfying the conditions (15.131) . (5.17) 

For even m, say m = 21, the expression (15.151) for the word W+ lpa p = 
W pi p2 p2l can be simplified. Let us choose and hx the set pi,p 2 , ■ ■ ■ ,P 2 i of 
subscripts satisfying the conditions (15.131) . The factors T-s in the expression 
in (15.14al) - (l5.14bl) corresponding to this set of subscripts can be grouped by 
pairs of adjacent factors: 


W, 


Pl,P2, ...P2! 


= /3 21 ■ e tan r? la ■ (Te ta P2 & V T) • e ta ” 3 » 1 (T - 


, P2l-l~P2l-2~ 


• e 


• (Te‘ 


r T) • e 




Using (15.71) . we obtain that 


^.P2.,-P2.7-l- 

T e* - 77 - 


1 rr tn P2.i~P2i-i 

~ a J- = e _t -«— 


Hence 


W + = W~ 

PliP2, ••• ,P2I Pl,P2, ■■■ ,P2l 


CT , 1 <j<l- 

— ^2Zgto:/Xpi ) ... p2i\NO 


where 

Mpi, ...p 2 r,N = jfl^Pi — 2p2 + 2^3 — • • • + 2p2i-i — 2p2i + N + 21]. 


(5.18) 

(5.19) 

(5.20) 

(5.21) 
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The numbers p Plt ... P21 -,n satisfy the inequalities 

-(l-2/A0</W..p 2I ;iv<l- (5-22) 

From (15.91) . (15.141) . (15.161) . and (15.2011 it follows that 

£jv(f; a, f3) = e taa + ^ ^ e ta r-Pi,P 2 , ■ >j> 2 !;«°^ j (5.23) 

l:l<l<N/2 Pl,P2, ... ,P2l 

where pi,p 2 , ,P 2 i run over the set of integers satisfying the conditions 
(|5.13|) . the numbers /i Pli ... P21 -n are defined in (15.211) . 

The equality (15.231) expresses the matrix function £jv(A; a, (3) as a linear 
combination of the matrix functions e taAlcr with non-negative coefficients, 
which depend on /3: 


£at( t;a,/3) = J e tafJja p N (dp), (5.24) 

#xe[—i,i] 

where 

pw{dp) = ^2 PN,i{dp), (5.25a) 

0<l<N/2 

o2l r—^ 

PN,o{dp) = 6{p,-l)dp, p N ,i(dp) = fr; 2_^ ~ AWa,... ,p 2 i\n) dp, 

Pl,P2, ■■■ ,P2! 

(5.25b) 


S( At) is the Dirak ^-function, the summation in (I5.25bl) runs over all sets 
of integers pi,p 2 , ■ ■ ■ ,P 2 i satisfying the conditions (15.131) with m = 21, the 
numbers p Pl , P2 ,... , P21 -,n are the same that in (15.211) . In view of (15.61) . the 
matrix-function £jv(A;a,/3) is diagonal: 


£jv(i; a, /3) 


ei,jv(t; a, /?) 0 

0 e 2 ,N{t;a,P) 


(5.26) 


The diagonal entries ei i jv(t; a, fd), e 2 ^(t; a, /3) are representable as 


ei,jv(t; a, /3) = J e tafi p N (dp), e 2 ,Ar(t;a, /3) = J e ta>1 p N (dp). (5.27) 


M 6 [-l,l] 


/*£[-!, 1 ] 


According to Theorem 12. 41 each of the functions ei i jv(t; a,/3), e 2 ,N(t; a, (3) is 
exponentially convex. Their sum, which is the trace of the matrix £jv(t; a, (3), 
is exponentially convex. In view of (15.81) . the function trace £ (A; a, /?) is ex¬ 
ponentially convex. The reference to ED completes the proof of Theo¬ 
rem 14.11 □ 


Remark 5.2. For each /3 > 0, the family of the measures {pN{dp)} N is 
uniformly bounded with respect to N: 


p N (dp) < e p . 


(5.28) 


/•*e [-1,1] 
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Indeed, for each N, the cardinality of the set of integers pi,p- 2 , ■ ■ ■ ,Pm satis¬ 
fying the conditions (15. ldll is equal to (^) = • According to (I5.25bll . 

/ VI: 0 <21 <N. 

#*e[—i,i] 


Taking into account (I5.25al) . we obtain 


p N (dp) = ^2 


i,i] 


1:0<21<N 


N 


< 


E 

0<k<N 


( 1 + ^) 


N 


< e h 


6. A Theorem on the integral representation of a 2 x 2 matrix 
function 

Theorem 6.1. Let (3 be a non-negative, <7 and T be the Pauli matrices which 
were defined in (im . For each /3 > 0, let L(t; (3) be the matrix function of 
the variable which is defined by the equality 

p ta+fiT pt(J—ftT 

£(t;/3) =-1- (6.1) 

(The value (3 is considered as a parameter.) 

Then there exists a non-negative scalar measure p{dp) supported on the 
interval [— 1 , 1 ] such that the integral representation 

£(£;/?) = J e tlxa p{dii), Vf € R. (6.2) 

A*e[—i,i] 

holds. The measure p admits the estimate 

J p{dp) < e@. (6.3) 

/'c[ i,r 

Proof. We start from the integral representation (15.241) . where we can set 
a = 1. The inequality (15.28[) means that for each (3, the family of measures 
is bounded with respect to N. Therefore the family of measures {/t/v} 
is weakly compact. From (15.241) and (| 5. 8 p it follows that representation (16.21) 
holds with every measure p which is a weak limiting point of the family { pat }. 
Actually such p is unique. □ 

Remark 6.2. The measure p(dp) which appears in the integral representation 
(16.21) can be presented explicitly. The matrix-function £(t;/3) is diagonal: 

ei(t; (3) 0 

0 e 2 (t;/3) 


Lit-, (3) 


(6.4) 
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From (E3D we find that 



/ ox , r~o - 7 ^ sinh Ji 2 + /3 2 

ei (f; /3) = cosh \Jt 2 + /3 2 + t ■ - , — ) 

sjt 2 + /3 2 

(6.5a) 


/ ox , r~n - sinh Jt 2 + B 2 

e 2 — cosh \Jt 2 + ft 1 t • )L - • 

V* + P 

(6.5b) 

The function cosh \/t 2 + f 3 2 admits the integral representation 



cosh \/t 2 + /3 2 = cosh t + j d(p, /3)e pt dp, 

(6.6) 




where 

d(n,P)- r - p 2 ), 1 < p < 1. 

(6.7) 


/i(.) is the modified Bessel function. The appropriate calculation can be 
found in jKal Section 3], in particular Lemma 3.2 there. From (|6.5H . (16.61) 
and (16.71) we obtain the following expression for the measure dp(p ) from 

(ET2II : 

p(dp) = S(p — 1) dp, + (1 + p)d(p, /?) dp. (6-8) 
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